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Abstract
In this paper the problem of numerical approximation of non-Newtonian ﬂuid ﬂow with free surface is considered. Namely, the
ﬂow of fresh concrete is addressed. Industrial mixtures often behaves like non-Newtonian ﬂuids exhibiting a yield stress that needs
to be overcome for the ﬂow to take place, cf. [R.B. Bird, R.C. Armstrong, O. Hassager, Dynamics of Polymeric Liquids, vol. 1, Fluid
Mechanics, Wiley, New York, 1987; R.P. Chhabra, J.F. Richardson, Non-Newtonian Flow in the Process Industries, Butterworth-
Heinemann, London, 1999]. The main interest is paid to the mathematical formulation of the problem and to discretization with the
aid of ﬁnite element method. The described numerical procedure is applied onto the solution of several problems.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
The study of dynamics of ﬂuids which do not belong to the class of Newtonian ﬂuids is important problem mainly in
industrial applications, cf. [5]. The Newton’s law of viscosity is simply inadequate for the description of macromolecular
liquids as well as various mixtures (e.g., fresh concrete, mortar), where the viscosity coefﬁcient can dramatically vary
with the change of ﬂuid rate of strain. Recall that the incompressible ﬂuids are characterized by two material constants:
the density  and the viscosity . The experimental description of the incompressible non-Newtonian ﬂuid is far more
complicated, cf. [3,5]. In this paper we address the rheological models of ﬂuids from the class of the so-called time
independent ﬂuids/generalized Newtonian ﬂuids, where the local viscosity coefﬁcient depends only on recent local
values of the rate of strain and does not exhibit memory effects.
The mathematical description of this problem consists of the continuity equation, Navier–Stokes system of momen-
tum equations and the constitutive equation. The constitutive equation is not linear and thus the generalization of the
Stokes problem is nonlinear even if the convective terms are omited.
The addressed problem is the numerical simulations of the ﬂow of the fresh concrete, see also [14]. Concrete in its
fresh state can be thought as a ﬂuid, provided that a certain degree of ﬂow can be achieved and that the concrete is
homogeneous, see, e.g., [1,9]. The description of a ﬂuid ﬂow use concepts such as shear stress and shear rate, cf. [2].
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Concrete as a ﬂuid is most often assumed to behave like a Bingham ﬂuid, cf. [3]. In this case the ﬂuid is characterized
by two parameters: yield stress and plastic viscosity. The parameters of the model can be found by rheological methods
and depends on the ingredients quality of the concrete, cf. [7]. Naturally, the model cannot describe the qualitative state
and chemical changes of the concrete, but for the fresh state it can provide useful approximation at least for limited
time period.
Furthermore, the problem with free surface needs to be approximated. The ﬂuid surface is not known a priori, but it
is part of the solution. The widely used methods can be characterized either as the interface capturing or the interface
tracking methods, cf. [16]. In this paper the level set method is employed. For the use of volume of ﬂuid method in the
case of turbulent 3D ﬂow, see, e.g., [4].
The mathematical problem is discretized by the ﬁnite element method. The stabilization procedure is based on
modiﬁcation of Galerkin Least Squares method according to [6,10].
2. Mathematical model
2.1. Fluid model
Mathematical description of a non-Newtonian ﬂuid consists of the incompressible Navier–Stokes system of equations
and the rheological constitutive equation for the ﬂuid. Furthermore, the free surface of the ﬂuid needs to be taken into
the account. Let us denote the domain occupied by the ﬂuid as t ⊂ R2. The boundary t consist of several parts
t = D ∪ O ∪It ,
where the boundary It is the free surface part of the boundary (interface between the ﬂuid of our interest and the
surrounding ﬂuid/gas).
From the conservation laws the following system of equations describes the addressed problem:

t
+ ∇ · (v) = 0. (1)
In the case of the incompressible ﬂuid (i.e.,  ≡ const.) Eq. (1) is simpliﬁed to
∇ · v = 0. (2)
Further, the momentum equations (Navier–Stokes system of equations) are written in the form
(vi)
t
+
∑
j
(vivj )
xj
=
∑
j
ij
xj
+ fi , (3)
where  = (ij ) denotes the total stress tensor, p denotes the pressure, vi velocity components, and f the body forces.
The relation between the total stress tensor  and the other quantities is given by rheology. For the incompressible
generalized Newtonian ﬂuid the total stress tensor is given by the equation ij = −pij + 2dij , where the rate of
strain tensor D = (dij ) is given by
dij = 12
(
vi
xj
+ vj
xi
)
, (4)
and the viscosity coefﬁcient  is a function = (D).
The system of equations (3) and (2) is then equipped with suitable initial and boundary conditions.
The viscosity function =(D) depends on the rate of strain tensor D, or on the shear rate ˙=
√
2
∑
ij d
2
ij , and thus
= (˙). (5)
In the paper the Herscheley–Buckley ﬂuid generalization of the Bingham ﬂuid is considered with the constitutive
equation given by 	= 	0 + 0˙
, i.e., the viscosity is given by = 	0˙−1 + 0˙
−1, where the power coefﬁcient 
0,
0 is the plastic viscosity, 	0 is yield stress. For 	0 = 0 and 
 = 1 the Newtonian ﬂuid is recovered, for 	0 = 0 and
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Fig. 1. Free surface ﬂow considered as ﬂow of two ﬂuids.
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Fig. 2. Shear stress dependence on shear rate for Bingham ﬂuids.

 = 1 we get the power law ﬂuid (shear thickening or shear thinning ﬂuids). The Bingham ﬂuid is recovered for the
case 	0 > 0 and 
= 0. The dependence of the shear stress 	 on the shear rate ˙ is shown in Fig. 2.
In what follows we use the same notation  both for the constant viscosity  = const. or the viscosity function
= (˙) of the generalized Newtonian ﬂuid.
2.2. Two-phase formulation
In order to describe the free surface ﬂow in complex geometries, where the ﬂuid motion can face boundaries far
from the initial conﬁguration, the model is described with the aid of two phases (let us distinguish the two phases as
liquid and gas). The initial conﬁguration with the ﬁxed walls is ﬁlled with two ﬂuids, where the ﬁrst one—liquid—is
the ﬂuid of our interest and the other one—gas—is the surrounding ﬂuid which ﬁlls up the remaining room of the
conﬁguration, see Fig. 1. The two ﬂuids with densities k , the ﬂuid velocities v(k), pressures p(k) and the viscosities
k are considered. The domain occupied by the kth ﬂuid at time t is denoted by 
(k)
t and the ﬂuid motion is described
by Eq. (3) on the domain (k)t for k = 1, 2 together with the continuity equation (2) (Fig. 1).
Furthermore, on the interface It the kinematic condition v(1) = v(2) and the dynamic condition (1) · n = (2) · n
are prescribed (no surface tension is assumed).
Following [16] or [4] we can introduce the functions ,  and v deﬁned on the computational domain=(1)t ∪(2)t
as = k , = k and v = v(k) on the domain (k)t for k = 1, 2. Then the following formulation of the problem can be
given on the domain 

vi
t
+ 
∑
j
(vivj )
xj
+ p
xi
=
∑
j
(dij )
xj
+ fi, ∇ · v = 0. (6)
2.3. Level set method
In the free surface modelling one can face difﬁculties caused by either the mathematical modelling (e.g., the moving
interface, physical transfer process through the surface) or the numerical approximation (e.g., approximation of the
moving interface, discontinuity of physical quantities—density, viscosity, pressure—across the interface). The methods
of free surface approximation can be divided to two classes the interface tracking methods (the interface is approximated
exactly) or the interface capturing methods (the ﬂuid volume is tracked rather than interface).
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In this paper the level set method is employed, see, e.g., [17]. Eq. (6) is coupled with the transfer equation for the
level set function 

t
+ ∇ · (v) = 0, (7)
where the meaning of the function  at a point x indicates whether it is occupied by the ﬂuid (> 0) or by the gas
(< 0). On the surface = 0 holds.
The surface tension is important only if the Weber number (We=U2L/,  is the coefﬁcient of the surface tension)
is of order one or smaller. In our case the Weber number is assumed We?1 and the surface tension is omitted.
The density, viscosity and velocity can be deﬁned with the aid of Heavyside function as
= 1 + H()(2 − 1) and = 1 + H() (2 − 1), (8)
where the HeavysideH()=1 for> 0,H()=0 for< 0 andH(0)= 12 . In the numerical simulations the regularized
Heavyside functions H is employed, where the thickness of the interface can be regulated through the parameter .
3. Discretization
3.1. Time discretization
First let us describe the time discretization of the problem. We consider a partition 0 = t0 < t1 < · · ·<T, tk = kt ,
with a time step t > 0, of the time interval [0, T ] and approximate the solution v(tn) (deﬁned in tn ) at time tn by vn.
For the time discretization we use a second-order two-step scheme using the computed approximate solution vn−1 and
vn in  for the calculation of vn+1. Then, on each time level tn+1, the second-order two-step time discretization yields
the problem of ﬁnding unknown functions vn+1 :  → R2 and pn+1, n+1, n+1 :  → R satisfying the equations
n+1 3v
n+1 − 4vn + vn−1
2t
+ n+1(vn+1 · ∇)vn+1 + ∇pn+1 = ∇ · (n+1D) + n+1fi ,
n+1 div vn+1 = 0 (9)
in the computational domain  with the Dirichlet boundary conditions satisﬁed. Similarly, the transport equation for
the level set function (7) is discretized in time,
3n+1 − 4n + n−1
t
+ ∇ · (vn+1n+1) = 0,
and n+1 and n+1 are then given by Eq. (8).
3.2. Spatial discretization
The starting point for the ﬁnite element discretization of problem (9) is the so-called weak formulation. To this end
we introduce the simpliﬁed notation  := n+1, v := vn+1, p := pn+1,  := n+1 and write system (9) in the form

3v − 4vn + vn−1
2t
+ (v · ∇)v + ∇p = ∇ · (D) + fi ,
 div v = 0. (10)
We deﬁne the velocity spaces W,X and the pressure space Q:
W = (H 1())2, X = {N ∈ W ;N|D = 0}, Q = L2(),
where L2() is the Lebesgue space of square integrable functions over the domain , and H 1() is the Sobolev space
of square integrable functions together with their ﬁrst-order derivatives.
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Now, if we multiply the ﬁrst and second equation in (10) by any function N ∈ X and q ∈ Q, respectively, sum them,
integrate over , transform the terms containing ∇ · (D) and ∇p with the aid of Green’s theorem, we ﬁnd that the
solution U = (v, p) of the problem of Eqs. (10) satisﬁes the condition a(U,U, V )=f (V ) for all V = (N, q) ∈ X×Q.
The forms are deﬁned
a(U∗, U, V ) = 3
2t
(v,N) + (∇v,∇N) + ((v∗ · ∇)v,N) − (p,∇ · N) + (∇ · v, q),
f (V ) =
(

4vn − vn−1
2t
+ fi,N
)

, (11)
U=(v, p), V =(N, q), U∗=(v∗, p). In order to apply the Galerkin FEM, we approximate the spacesW,X,Q from the
weak formulation by ﬁnite dimensional subspacesW, X,Q, ∈ (0,0),0 > 0, X={v ∈ W; v|D∩Wt =0}.
Hence, we deﬁne the discrete problem to ﬁnd an approximate solution U=(v, p) ∈ W×Q such that v satisﬁes
approximately Dirichlet boundary conditions and the identity
a(U, U, V) = f (V) for all V = (v, q) ∈ X × Q. (12)
The couple (X,Q) of the ﬁnite element spaces should satisfy the Babuška–Brezzi (BB) condition (see, e.g., [11]).
Nevertheless, this condition can be overcome with the use of Galerkin Least Squares stabilization, cf. [12].
In practical computations we assume that the domain  is a polygonal approximation of the region occupied by
the ﬂuid at time tn+1 and the spaces W, X,Q are deﬁned over a triangulationT of the domain , formed by a
ﬁnite number of closed triangles K ∈ T. Here  denotes the size of the mesh T. The spaces W, X and Q
are formed by piecewise polynomial functions. In our computations, the equal order choice of piecewise linear ﬁnite
P1/P1 nonconforming elements are used for the velocity/pressure approximation.
3.3. Stabilization of the FEM
The standard Galerkin discretization (12) may produce approximate solutions suffering from spurious oscillations
for high Reynolds numbers. In order to avoid this drawback, the stabilization via Galerkin Least Squares method is
applied (see, e.g., [10]). The stabilization terms are deﬁned as
L(U
∗, U, V ) =
∑
K∈T
K
(
3
2t
v − ∇ · (D) + (v∗ · ∇)v + ∇p,(V )
)
K
,
F(V ) =
∑
K∈T
K
( 
2t
(4vn − vn−1) + fi,(V )
)
K
,
where U = (v, p), V = (N, q), U∗ = (v∗, p), (V )= (v∗ · ∇)N +∇q, (·, ·)K denotes the scalar product in L2(K),
and K0 are suitably chosen parameters. Moreover, the additional grad–div stabilization
P(U, V ) =
∑
K∈T
	K(∇ · v,∇ · N)K
is introduced with suitably chosen parameters 	K0.
The stabilized discrete problem reads: ﬁnd U= (v, p) ∈ W×Q such that v satisﬁes approximately Dirichlet
boundary conditions and
a(U, U, V) +L(U, U, V) +P(U, V) = f (V) +F(V)
for all V = (N, q) ∈ X × Q.
The choice of the parameters K and 	K is carried out according to [10] or [6] on the basis of the local transport
velocity v∗, the local mesh size h, and the local viscosity , namely,
K =
(
4
h2
+ 2‖v∗‖K + ‖‖K
	
)−1
, 	K = h
2
K
.
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3.4. Numerical approximation of the level set function
The numerical approximation of the transport equation (7) can be done either with the aid of ﬁnite element or with
the aid of ﬁnite volume method, cf. [13]. In the described algorithm both methods were tested. First, in the case of use
of the ﬁnite volume method the function  is approximated by the piecewise constant function  on every element
K ∈ T, i.e.,  = K on K ∈ T. Then with the use of Eq. (7), integration over an element K and using Green
theorem we get
dK
dt
= 1|K|
∑
S∈K
∫
S
S(v · n) dS,
where S ∈ K denotes all boundary sides of the element K, K denotes the constant value of the function  on
the element K. The function value S on the side S can be computed using the upwind method or with the aid of
Lax-Friedrichs method, see, e.g., [13]. The time derivative (d/dt)K needs to be discretized, e.g., the explicit Euler
method is obtained by the forward difference formula dK/dt ≈ (n+1K − nK)/t . The higher-order time difference
formula (three step formula, Runge–Kutta methods) can be used in order to increase the order of time discretization.
The order of the space discretization can be increased, e.g., with the use of piecewise linear reconstruction.
The other possibility is to use the ﬁnite element method for discretization of the problem. Eq. (7) is multiplied by
the test function  and integrated over the domain . The Dirichlet boundary conditions for  are prescribed on the
inlet part of the boundary − = {x ∈  : v · n< 0}. The weak formulation is then stabilized with strongly consistent
method∫


t
 dx +
∫

∇ · (v) dx +
∑
K
1
h
‖v‖K
(

t
+ ∇ · (v), v · ∇
)
K
= 0, (13)
where we assume (for simplicity) that ‖v‖K > 0 on every element K, cf. [15]. The time derivative /t is approximated
with the aid of the three step time difference formula, i.e.,

t
≈ 3
n+1 − 4n+1 + n+1
t
.
The reinitialization step of the level set algorithm is needed in order to ensure that the level set function  remains
a distance function through the computation [18]. Here, the different approach where the function  is reconstructed
algebraically is used. The following algorithm is applied:
I. set ˜(xi) = +∞ for all vertices xi of the triangulationT,
II. for all triangles K ∈T with vertices A,B,C,
III. if (A)(B)(C)< 0 then
1. identify the intersectionM= K ∩I,t (line/vertex),
2. for all vertices xi of the triangulationT compute the distance d fromM (for interface neighbouring vertices
the mass conservation principle must be satisﬁed),
3. set ˜(xi) = min(˜(xi), d),
IV. for all vertices xi set (xi) := ˜(xi)sgn(xi).
3.5. Solution of the nonlinear problems and coupling
The solution of the nonlinear problem (13) together with (12) is then performed with the aid of the following algorithm
on every time step tn:
I. Use the approximations from the previous time steps (vn, vn−1 ) and extrapolate to get approximation of the
velocity at the new time level tn+1, v ≈ v(tn+1).
II. Use the velocity v and solve (13) for the approximate function .
III. Compute the components dij of the strain tensor D and of the rate of shear ˙ on every element K ∈T.
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IV. Compute the liquid/gas viscosity = k(˙) on every element K ∈T.
V. Update  ≈ (tn+1) and = (tn+1) with the use of Eq. (8).
VI. Solve the linearized problem (12) performed and new approximation of the velocity v is obtained.
VII. Continue with the step II until convergence.
VIII. Set vn+1 := v, pn+1 := p, n+1 :=  and n+1 := , n := n + 1 and continue on the next time level.
The solution of the problem (12) in the case of the constitutive equation (5) requires further treatment. Shear stresses
are not determined by the Bingham constitutive model when shear strain rate magnitude vanishes. Several authors have
proposed modiﬁcation of the Bingham constitutive equation, where the solid regime (	< 	0) is replaced by a very
viscous regime, cf. [19]. Following this modiﬁcation the solution of the problem (12) is performed by the sequence of
linearized problems. The solution of the linearized problem is then performed with the aid of UMFPACK direct solver,
cf. [8].
4. Numerical results and conclusions
The method was tested for several cases. First, the ﬂow of a Bingham ﬂuid in a lid-driven cavity ﬂow was computed,
cf. [20,19]. The numerical results are shown in Fig. 3.
Last, the numerical solution of the problem of standing wave is shown in Fig. 4 for the case of Newtonian ﬂuids (air
and water). The initial interface between liquid and gas phases was deﬁned by the equation 10y−x=6 and the vertical
gravity force with the acceleration g = 10 m s−2 was applied. The free surface oscillations are depicted in Fig. 4.
This paper describes the extension of the modiﬁed GLS method on the problem of free surface. The considered ﬂuids
are generalized Newtonian ﬂuids. The method was tested for several problems and results of non-Newtonian ﬂuid ﬂow
in lid-driven cavity and for standing wave problems in the case of Newtonian ﬂuid are shown.
Fig. 3. Numerical simulation of Newtonian and Bingham ﬂuid in a lid-driven cavity. Newtonian ﬂuid with viscosity  = 10−3 and Bingham ﬂuid
with parameters 	0 = 1√2 10
−3
. Streamlines with rigid zones and velocity magnitude isolines.
Fig. 4. Numerical simulation of the standing wave benchmark. The density  is depicted in the upper row, the pressure ﬁeld and velocity vectors in
the lower row.
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